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Overview of GWAS

In a Genome-Wide Association Study (GWAS) n individuals are recorded for:

genotypes at m markers (usually Single-Nucleotide Polymorphisms, SNPs), and

trait(s) that may be categorical (e.g. case/control) or quantitative (numerical values).

Ascertainment: Individuals may be chosen based on trait value(s), which can affect the
analysis.

e.g. in case/control studies, cases are usually oversampled because in a population
random sample they would be too rare for a well-powered analysis.

Imputation: In addition to (typically 0.5M to 1M) directly genotyped SNPs there are now
powerful methods to impute the genotypes at typically 5M to 10M SNPs.

including many SNPs with low MAF (= minor allele fraction);

uncertainty in imputed genotypes can be important, so they should be modelled as
random variables; however most often low-quality SNPs are weeded out and the
remaining SNP genotypes are regarded as known with certainty.



Three motivations for a GWAS

1 identification of causal variants through association of trait with genotype at
tightly-linked SNPs;

2 training of a prediction model for future genotyped individuals of unknown trait value;
3 understanding the genetic architecture of disease (number of causal variants, their effect

size distribution, MAF spectrum, distribution across the genome).

Single-SNP tests of association: For motivation 1 above, can test one SNP at a time
against each trait, i.e. for SNP j we test βj = 0 in a regression model of the form

y = βjxj + ε,

where y and xj are length-n vectors of, respectively, trait values and genotypes at SNP j .

This type of analysis prevailed for about the first half-decade of GWAS, say 2006 to 2011.

Genotypes are usually coded additively (heterozygote midway between the homozygotes);
for interpretability the xj may be standardised but this does not affect the result of the
significance test.



Genome-wide statistical models: overfitting

Nowadays (and in this course) there is more focus on motivations 2 and 3 above, which can
require genome-wide statistical models e.g.

y =
∑

j

βjxj + ε (1)

where the sum is over all SNPs. Usually m� n and so the βj cannot be estimated. Possible
solutions:

1 Select m′ ≤ n SNPs, e.g. by thresholding on p-values from single-SNP association.
2 Bayesian regression: put a prior distribution on the βj , encoding a belief that most of

them are close or equal to zero.
3 Empirical Bayes: similar to 2 above but the “prior” distribution depends on parameter(s)

(e.g. effect size variance, Var[βj ]) estimated from the data.
4 Shrinkage/penalised regression: similar to 3 above but rather than derive a posterior

distribution for the βj , just maximise the posterior density to obtain point estimates β̂j .
Because this is not a Bayesian method, the prior distribution on effect sizes is often called
a penalty function.



Sparse and omnigenic models

Early attempts at such models were driven by a belief in sparsity: almost all the βj are zero.

e.g. the Lasso implements a double exponential prior on effect sizes with a sharp peak at
zero; the posterior is also maximised at zero unless the signal of association is large.

Nowadays there is greater appreciation that nature is “omnigenic” rather than just polygenic,
and best modelled by (small) contributions from very many or even all SNPs.

Independent Gaussian (normal) prior distributions on the βj can allow an omnigenic
model that is computationally feasible.

Any such models incorporate arbitrary aspects (why should effect sizes be exponential or
Gaussian?).

By estimating model parameters e.g. using maximum likelihood, we can hope to obtain
an acceptable model fit.

The predictive performance of a model can be checked, for example using cross validation.



Heritability (h2): definition

Informally, heritability is an attempt to quantify the old “nature versus nurture” issue:

How much variation in an observed trait is attributable to genetics rather than
environment?

Narrow-sense heritability h2 is the fraction of phenotypic variance explained in a regression
model by (additive) genetic variants:

y =
∑

j

βjzj + ε (2)

where zj is a vector of genotypes at the jth genome variant (coded additively), and βj is its
effect size.

(2) is similar to (1) but sums over all genome variants whether genotyped/imputed or not.

Problems:

we don’t observe all the zj ,

even if we did, we still can’t estimate the βj – too many predictors.



Heritability: pedigree-based inference in mixed models

Historic (clever) solution (avoids need for genotype data): random effect regression (or
mixed model) with correlation structure defined by pedigree-relatedness:

y = γ + ε ∼ N(0, σ2gK+σ2e I ) (3)

where K is a kinship matrix computed from identity-by-descent (IBD) probabilities in a
pedigree, and I is an identity matrix. Then:

h2 =
σ2g

σ2g+σ2e
.

Rationale: K ≈ expected genome-wide allele sharing across individuals, which reflects
excess allele sharing (beyond random draws) which generates phenotypic correlation.

Inference:
REML: maximum likelihood adjusted to reduce bias due to nuisance parameters, or
Haseman-Elston regression: (yi−yi ′)2 = a + bKii ′ + εii ′ for all pairs of individuals i and i ′.
Then h2 = −b/a.



Problems with computing K from pedigrees

The mixed model/pedigree approach worked well over decades in animal/plant breeding, but
there are problematic assumptions, including:

Correlation in trait value depends on actual allele sharing, but pedigrees (at best) only
give expected allele sharing, and the variance of actual allele sharing can be large.

The expected allele sharing is only for a specific pedigree:

the answer depends on choice of pedigree;
there is no such thing as a complete or ideal pedigree.

For many years these limitations were overlooked because there was no good alternative.

Pedigrees are still often regarded as defining ”true” relatedness, but in fact there is no
definitive measure of relatedness, see:

Speed & Balding (2015) “Relatedness in the post-genomic era: is it still useful?” Nat Rev
Genet 16(1), 33-44. doi:10.1038/nrg3821

Nowadays we can measure actual allele sharing from genome-wide SNPs (or sequences).



Yang et al. (2010): Common SNPs explain a large proportion of the
heritability for human height. Nat. Genet. 42, 565-9.
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especially if they have low MAF, will not be in perfect LD with the 
assayed SNPs. This reduces the power of a conventional GWAS to 
detect them and reduces the variance estimated for the SNPs col-
lectively in our study. The results imply that most causal variants 
explain such a small proportion of the variance that many causal 
variants affecting height must exist. The results of published GWASs 
are consistent with this finding, as high test statistics are distributed 
over much of the genome16.

Could our results be biased because of ascertainment in the data, 
data analysis or interpretation? We carefully adjusted phenotypes 
for systematic differences and applied thorough quality control to 
the SNP data (Online Methods). We show by principal component 
analysis (PCA) of African, Asian and European populations that all 
of our samples are of European ancestry (Supplementary Fig. 2a,b). 
We demonstrate further by PCA of European populations only that 
our samples show close relationship to the UK population and do not 
show an apparent cline across Europe (Supplementary Fig. 2c,d). 
We performed REML analysis by fitting the first two, four and ten 
eigenvectors from the European-only PCA as covariates. The results 
show little to no systematic difference in the estimates of the variance 
explained by fitting up to ten eigenvectors (Supplementary Table 1). 
Furthermore, we performed single-SNP association analysis between 
1,286 ancestry-informative markers (AIMs) and height, and did 
not detect a significant inflation of the test statistic for these AIMs 
(Supplementary Fig. 3; P = 0.219). All these results suggest that our 
estimate of variance explained by all SNPs is unlikely to be biased by 
population stratification. A subtle form of stratification in GWASs 
might occur if subjects are distantly related. We excluded any subject 
with a relationship to another subject >0.025. If distant pedigree rela-
tionships were an important cause of the estimated relationships, then 
all chromosomes of a pair of subjects should reflect this relationship. 
We found no correlation between relatedness estimated from different 
chromosomes (Supplementary Table 2). Thus, the relationships we 
estimate from SNPs are driven by LD among the SNPs. It is the same 
LD that causes a SNP that is not a causal variant to show an associa-
tion with a trait such as height. In other words, our estimate of the 
variance explained by the SNPs is based on the same phenomenon as 
the SNP associations reported from GWASs (LD between SNPs and 
causal variants). However, we accumulate the variance explained by 
all SNPs and so are not limited by the need for individual SNPs to pass 
stringent significance tests.

We also verified that the estimates of variance explained by the 
SNPs are not driven by a few outlier individuals who are similar in 
height and in SNP genotypes (Fig. 3). We regressed the squared dif-
ference in height between each pair of individuals on the estimate 
of their relatedness. The intercept and slope are estimates of twice 
the phenotypic variance and minus twice the additive genetic vari-
ance explained by the SNPs, respectively23, so the estimate of variance 
explained by the SNPs from this regression analysis is ~0.51. The 
signal on the slope of the regression line comes from many points 

and is not due to a few outliers. Note that our maximum likelihood 
estimate is more accurate than this regression analysis; we show the 
latter only to illustrate the robustness of the estimate. In addition, we 
performed REML analysis using subsets of individuals by randomly 
splitting the whole sample into two and four groups and by sampling 
1,000, 2,000 and 3,000 individuals with replacement for four replicates 
(Supplementary Fig. 4). The average estimates of variance explained 
by all SNPs are not affected by sample size, but, as expected, the sam-
pling error increases as sample size decreases.

Heritability is the proportion of phenotypic variation due to addi-
tive genetic factors24; we therefore fitted a model in which SNPs have 
additive effects. Non-additive genetic variation and variation due to 
gene-environment interactions may exist, but they are not part of the 
missing heritability because they do not contribute to the heritability. 
Epigenetic mutations may cause resemblance between relatives and 
contribute to heritability if stably inherited, but in that case they would 
be equivalent to DNA sequence variants, would show LD with the 
assayed SNPs and would not contribute to missing heritability25.

The method we have presented could be misinterpreted as a method 
for estimating the heritability of height. Actually, we estimate the 
variance in height explained by the SNPs. We show that these SNPs 
do explain over half the estimated heritability of height and that the 
missing proportion can be explained by incomplete LD between the 
SNPs and causal variants.

If other complex traits in humans, including common diseases, 
have genetic architecture similar to that of height, then our results 
imply that larger GWASs will be needed to find individual SNPs that 
are significantly associated with these traits, because the variance 
typically explained by each SNP is so small. Even then, some of the 
genetic variance of a trait will be undetected because the genotyped 
SNPs are not in perfect LD with the causal variants. Deep resequenc-
ing studies are likely to uncover more polymorphisms, including 
causal variants that will be represented on future genotyping arrays. 
Our data provide strong evidence that the variation contributed by 
many of these causal variants is likely to be small and that very large 
sample sizes will be required to show that their individual effects are 
statistically significant. A similar conclusion was drawn recently for 
schizophrenia26. In some cases the small variance will be due to a 
large effect for a rare allele, but this will still require a large sample 
size to reach significance. Genome-wide approaches like those used 
in our study can advance understanding of the nature of complex-trait 
variation and can be exploited for selection programs in agriculture27 
and individual risk prediction in humans28.

METHODS
Methods and any associated references are available in the online version 
of the paper at http://www.nature.com/naturegenetics/.
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Figure 3 All pairwise comparisons contribute to the estimate of genetic 
variance. Shown are the squared z-score differences between individuals  
( y jk

2 ) plotted against the adjusted estimates of genetic relationship (Ajk
* ).  

The blue line is the linear regression line of y jk
2  on Ajk

* . The intercept 
and regression coefficient are estimates of twice the phenotypic variance 
and minus twice the genetic variances23, respectively. The intercept is 
1.98 (s.e. = 0.001), and the regression coefficient is −1.01 (s.e. = 0.27), 
consistent with estimates of the phenotypic and additive genetic variance 
of 0.990 and 0.505, respectively, and a proportion of variance explained 
by all SNPs of 0.51.
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The plot illustrates HE
regression for height:
the slope of the line is
negative, correspond-
ing to lower squared
difference in height for
more closely related
pairs of individuals.



Instead of pedigree-IBD, Yang et al. computed K from m genome-wide SNPs to obtain the
SNP heritability h2SNP: the heritability tagged by the SNPs.

In the mixed model (3), K = XXT/m where X = matrix of standardised genotypes.
They only include unrelated individuals. This seems mad, because pairs of relatives convey
the most information for estimating the regression slope, as indicated in these plots:

Using unrelated individuals

In 2010, Jian Yang, Peter Visscher, et al. considered estimating heritability
using only “unrelated individuals”.

Why? Estimates of h2 become less precise as number of close relatives in
the sample decreases

BCGES Short Courses 1st September 2015 doug.speed@ucl.ac.uk



Advantages of using unrelated individuals in computing h2
SNP

Ignoring effects of common environment (+ dominance and epistasis) is less problematic.
Low information per pair of individuals is usually countered by many pairs of unrelateds.
Compared with traditional heritability estimated from close relatives:

Advantage of h2SNP: unrelateds share only short genome intervals ⇒ contributions can be
partitioned into different genome regions (e.g. chromosomes, genes, functional classes).
Disadvantage: contributions from causal variants not tagged by SNPs are not included.
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The software GCTA implementing the Yang et al. approach has been very popular.

GCTA underlies many Nature Genetics papers.

Results from the method seemed to help “rescue” GWAS from criticism and partly solve
the “missing heritability” problem:

genome-wide significant SNPs explain very little phenotypic variance for a complex trait, but
typically h2SNP > h2/2.

Each entry in the SNP-based kinship matrix K = XXT/m can be interpreted as a
genome-wide average of n = 1 correlation estimates of genotypes (it’s often called an allelic
correlation coefficient).

It has come to be regarded by many as the definitive SNP-based measure of kinship, but
there is no strong basis for this claim.

The term “genomic relatedness matrix” (GRM) is misleading in suggesting that it is the
“correct” kinship measure from SNPs.

We prefer “genomic similarity matrix” (GSM): the name correctly hints that there are
many possible choices for computing a GSM.



Aside: Kinships based on unobserved pedigrees

C

Gene Pool
Allele fractions
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Many population genetics
models define kinship in
terms of allelic correlation
because it can be shown to
equal pedigree kinship

if individuals come from a
finite pedigree with
unrelated founders, and
if allele probabilities in
founders are known.

Population genetics textbooks and practice put much weight on this theory

but the underpinning assumptions don’t hold in natural populations;

e.g. negative allelic correlations are frequent in practice yet pedigree kinship is positive by
definition.



Problems with SNP kinships

1 In many populations, everyone is closely related:

any two haploid human genomes share over 99.9% sequence identity due to shared ancestry;

but this isn’t evident for SNPs because they are highly polymorphic. Therefore:

measures of similarity can depend sensitively on the MAF spectrum;
more low-MAF sites ⇒ more similarity;
MAF spectrum depends on SNP chip and QC.

2 There are many SNP-based measures of the genetic similarity of two individuals.

Which one gives the “best” value for Var[γ] ?
The answer will vary with the genomic architecture of the phenotype.
In some cases it is feasible to optimise e.g. the likelihood within a class of possible K (e.g.
optimising over genotype scaling parameter α discussed below).



A brief survey of possible SNP-kinships

1 Average haplotype sharing. Useful in some settings, but small (e.g. < 1Mb) shared
fragments are informative (because there are many of them) but hard to utilise.

2 Genome-wide averages of single-SNP similarities.
Using matches of observed alleles (sometimes called identity by state, IBS) in analogy with
IBD probabilities in pedigrees, we average the following scores:

(0, 0) or (2, 2) → 1
(0, 1), (1, 1) and (1, 2) → 0·5

(0, 2) → 0

where the SNP genotypes of the two individuals are coded as 0,1 and 2, with 1 =
heterozygote.
Disagreement about how to code heterozygotes: PLINK codes (1,1) as 1, rather than 0·5.



3 A 1-parameter family of “kinship coefficients” for individuals i and i ′ with genotypes Xij

and Xi ′j at SNP j with MAF pj :

1

m

m∑

j=1

(Xij − 2pj)(Xi ′j − 2pj)× [pj(1−pj)]α

α = 0 centred, unscaled genotypes; popular in plant & animal breeding.
α = −1 allelic correlation used by Yang et al.; upweights low-MAF SNPs; popular for
SNP-based h2 estimation in human genetics.
Different values of α correspond to different assumptions about the genome-wide
MAF–effect size relationship.
α can be optimised (e.g. by maximising likelihood) to best reflect the distribution of effect
sizes for the trait of interest.
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Relationship between heritability and MAF of a SNP

The choice α = −1 implies that heritability is constant over SNPs; to maintain constant
h2 as MAF decreases, the effect size variance has to increase rapidly (like 1/MAF) which
seems implausible.

Animal/plant breeders of assume α = 0. In that case effect size variance does not change
with MAF, and h2 decreases linearly with MAF.

We found that α = −0.25 is close to optimal over a wide range of real human datasets.

This implies that the effect size variance grows slowly (like (MAF)−0.25) as MAF decreases,
so that h2 declines like (MAF)0.75.
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Some implications of the SNP-based approach

The mixed model (3) can be derived from the genome-wide regression (1) in the special case
βj ∼ N(0, σ2g/m), independently for each j . Call this (1)*.

The equivalence of (3) and (1)* is very useful and important. It seems to have been
appreciated gradually by different authors over recent years. No definitive reference.

Only (3) was available for pedigree-based h2, and it retains computational advantages.

(1)* is more interpretable: every SNP has an effect (which may be small) either due to
being causal (a functional effect on genotype) or through tagging causal variants.

Model (1)* is similar to the definition of heritability (2), but now

only genotyped/imputed SNPs included, not all genome variants;
the Gaussian prior βj ∼ N(0, σ2g/m) is

independent and identically-distributed (iid) over SNPs.

The iid assumption was inherited uncritically from the highly-successful mixed model with IBD
kinships, but is implausible:

multiple SNPs can tag the same causal variant, so their effects are correlated;

we have already established that effect sizes vary with MAF, perhaps also other factors?



Binary traits: liability model

The analyses discussed so far don’t work well for ascertained case-control studies.

We can use (3) or (1)* treating the case/control status as a 0/1 numeric value, the
resulting heritability estimate can depend on both the population proportion of cases π
and the sample proportion of cases p.

A trick to overcome this problem is to imagine an underlying continuous variable L such that
an individual is a case if and only if for them L > T , where T is a threshold determined by the
trait prevalence.

X π



Heritability on the observed (O) and liability (L) scales; HE regression

It turns out that h2O , heritability based on the 0/1 observations, is related to liability
heritability h2L via

h2L = h2O ×
π2(1− π)2

p(1− p)
z2,

where z is the standard normal density at T .

So we can proceed by computing h2O and then transforming to h2L.

Instead of REML, Golan et al. PNAS (2014) recommended HE regression, also on the
observed scale and then using the same transformation.

HE regression involves regressing (yi−yi ′)2 against Kii ′ over all pairs of individuals i and i ′.

HE is less statistically efficient than REML if the REML assumptions hold, but more
robust and computationally easy.

The Kii ′ are usually computed as allelic-correlation kinships (the intuition is that allelic
correlations are natural to predict phenotypic correlations).

But any SNP-based measure of genome-wide similarity can be used. More below.



Dangers in SNP-heritability analysis

h2SNP estimates can be inflated by

population structure/cryptic relatedness

Possible remedy: compare h2SNP from all SNPs with sum of values over a partition.

genotyping errors, which can be particularly important when cases and controls are
genotyped separately.

Some testing is possible (e.g. for quantitative traits in multiple cohorts).
The problem can be ameliorated using very strict quality control on genotypes, for example a
high threshold on imputation scores.
But strict QC inevitably results in loss of information.



Published criticisms of GCTA

Browning & Browning, Am J Hum Genet (2011): h2SNP sensitive to population structure. Did
not note the partition test.

Golan et al. PNAS 111, 5272-81 (2014). Proposed PCGC regression which is based on
Haseman-Elston regression instead of REML, particularly for ascertained case-control data.

Kumar et al. PNAS (2016) “Limitations of GCTA as a solution to the missing heritability
problem”. They make several criticisms:

some can be attributed to insufficiently strict QC;

others reflect basic misunderstandings, see e.g. blog by Gusev.

Speed et al. Am J Hum Genet (2012): reported that h2SNP estimates robust to

number of
causals,

causal MAF
spectrum,

effect size
distribution

but ...



h2
SNP

estimates not robust to linkage disequilibrium (LD)
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LD is statistical dependence
between pairs of SNPs.

If an extra SNP is genotyped in
high LD with an existing SNP
tagging a causal, then part of
the contribution to h2SNP from
that causal is double-counted:
“over-tagging”.

This can occur whether or not
the causal is itself genotyped.



Reweighting to reduce the problem of uneven tagging

Adjusting for Uneven Tagging
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We suggest calculating weighted allelic correlations.

Nobel Prize Speech 20th May 2015 doug.speed@ucl.ac.uk

Weights

Genotyped
SNPs

Causal
alleles



  

SNPs            X1   X2   X3    X4   X5      X6   X7   X8   X9  X10

GCTA Model              5                                5    

High CorrelationLow Correlation

LDAK Model             4.6                             1.9    a

Region 21

Expected (relative) contribution to h
SNP

 of each region:2

Weights      1.0 0.8 0.8 1.0 1.0    1.0   0   0.9   0    0



Reweighting improves estimation of h2
SNP
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Implemented in LDAK, world’s most popular software for computing LD-Adjusted Kinships,
h2SNP estimation and prediction http://dougspeed.com/ldak/



Yang et al. (2015) Nat Genet 47, 1114-20
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for LD heterogeneity, for example, the LDAK approach16, which gives 
each variant a weight according to the LD r2 value between the vari-
ant and all other variants in the region, and the LD residual (LDres) 
approach15,17, which uses the residuals from a linear regression of each 
variant on a set of LD-pruned variants in the region. However, the 
LDAK adjustment resulted in a substantial overestimation of hWGS

2 ,  
regardless of whether the variants were stratified by MAF (Fig. 1). 
This is because the LDAK adjustment created a strong negative corre-
lation between the weights and MAFs of the variants (Supplementary 
Fig. 2), such that rare variants, which tend to have lower LD with sur-
rounding variants, received too much weight. We also observed small 
biases using LDres and MAF-stratified LDres (LDres-MS) (Fig. 1). We 
propose a method (Online Methods), termed LD- and MAF-stratified 
GREML (GREML-LDMS), which uses a sliding window approach to 
fit the region-specific LD heterogeneity across the genome (Fig. 2). 
We demonstrate by analyzing simulated data, under four different 
scenarios, that the GREML-LDMS estimates of hWGS

2  are unbiased, 
regardless of the MAF and LD properties of causal variants (Fig. 1) 
and the number of LD and MAF groups (Supplementary Fig. 3).  
The heritability parameter used in all the simulations above was 0.8. 
We show that all the conclusions hold irrespective of the size of the 
heritability parameter used for simulation (Supplementary Table 1).

Variation at whole-genome sequence variants captured by 
1000 Genomes Project imputation
We have quantified above the (un)biased nature of GREML methods 
in estimating hWGS

2  under different simulation scenarios. In practice, 
however, there have not been whole-genome sequencing data available 
with a sample size that is sufficiently large to estimate hWGS

2  with useful 
precision. However, there are a large number of GWAS samples avail-
able that have been imputed to the 1000 Genomes Project reference 
panels. We therefore addressed the question of how much variation 
at sequence variants could be captured by imputing GWAS genotype 
data to the 1000 Genomes Project reference panels. From UK10K-
WGS data, we extracted the genotypes of variants represented on the 
Illumina CoreExome array and then imputed the genotype data to 
the 1000 Genomes Project reference panels (Online Methods). We 
used the GREML-MS approach (seven genetic components) to esti-
mate the variance explained by the 1000 Genomes Project–imputed 
variants (h1KGP2 ) for the simulated phenotype (1,000 causal variants 
randomly sampled from all sequence variants) (Online Methods). We 
know from the simulation results presented above that, under this 
scenario (that is, where causal variants are sampled completely at 
random), all three GREML methods—GREML-SC, GREML-MS and 
GREML-LDMS—are unbiased. We chose to use GREML-MS because 
it is able to provide estimates of variance explained for variants in 
different MAF groups with standard errors smaller than those from 
GREML-LDMS (Supplementary Table 1). The results showed that 
the proportion of variation at variants from whole-genome sequenc-
ing captured by 1000 Genomes Project imputation decreased with 
more stringent thresholds for imputation accuracy (the INFO metric  

imputing the SNP array data to the 1000 Genomes Project reference 
panels10, where h hWGS 1KGP

2 2  because of the loss of tagging due  
to imperfect imputation. We previously developed the single- 
component GREML analysis (GREML-SC) method (based on a single 
genetic relationship matrix, or GRM) as implemented in GCTA11 
to estimate the proportion of variance explained by all common 
SNPs in a GWAS sample of unrelated individuals12. To quantify the 
amount of variation at sequence variants that could be captured by 
1000 Genomes Project imputation, we first needed to investigate 
whether this approach could provide an unbiased estimate of herit-
ability using whole-genome sequencing data. We performed exten-
sive simulations based on a whole-genome sequencing data set from 
the UK10K project13 (UK10K-WGS), which comprised 17.6 million 
genetic variants (excluding singletons and doubletons) in 3,642 unre-
lated individuals after quality controls (Online Methods). The simu-
lation results showed that, if causal variants were a random subset 
of all the sequence variants (52.7% rare), the GREML-SC estimate  
of hWGS

2  using all variants (including the causal variants) was unbiased 
(Fig. 1), consistent with our theoretical derivation (Supplementary 
Note). By ‘unbiased’, we mean that the mean estimate of hWGS

2  from 
200 simulation replicates was not significantly different from the 
h2 parameter used for simulation. We could also expect from the 
theoretical derivation that, if causal variants had a different MAF  
spectrum than the variants used in the analysis, the GREML-SC  
estimate of hWGS

2  would be biased. This was demonstrated  
using simulations (Online Methods): if we randomly sampled  
disproportionally rare (or common) variants as causal variants, 
the estimate of hWGS

2  was biased downward (or upward) (Fig. 1).  
This problem has been discussed previously12 and can be solved by 
MAF-stratified GREML (GREML-MS) analysis14 (Online Methods). 
We show by simulations that the estimate of hWGS

2  from GREML-MS  
was unbiased, irrespective of the MAF spectrum of the causal  
variants (Fig. 1).

We know from the theoretical derivation (Supplementary Note) 
that GREML-SC is biased if causal variants have a different LD prop-
erty than the variants used in the analysis. A difference in LD can 
be caused by a difference in the MAF spectrum, which can be cor-
rected for using the GREML-MS approach, as shown above. However, 
GREML-MS is unable to correct for the region-specific LD hetero-
geneity across the genome (Supplementary Fig. 1). That is, if causal  
variants tend to be enriched in genomic regions with higher or 
lower LD than average, the estimate of h2 from either GREML-SC 
or GREML-MS will be biased. We confirmed this using simulations 
where, if all causal variants were sampled from the variants at DNase I–
hypersensitive sites (DHSs) (Online Methods), which have systemati-
cally lower LD than average15, the GREML-MS estimate of hWGS

2  was  
biased downward (Fig. 1). Methods have been developed to adjust 
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Figure 1 Estimates of heritability using sequence variants under different 
simulation scenarios based on the UK10K-WGS data set. Each column 
represents the mean estimate from 200 simulations. Error bars, s.e.m. 
The true heritability parameter was 0.8 for the simulated trait. Four 
simulation scenarios are shown: random causal variants are sampled at 
random; more common causal variants are more frequent than random 
variants; rarer causal variants are less frequent than random variants;  
rarer + DHS causal variants are all in DHSs and are less frequent 
than random variants (see the Online Methods for more details on the 
simulation scenarios).

Simulation study finds
that LDAK performs
poorly and GCTA per-
forms well.

This seemed alarming,
so we investigated ...
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We found that Yang et al. only sim-
ulated under the GCTA model (left).

The assumption of no
relationship between h2 and
LD has been made by many
previous authors, but our work
showed that estimates can be
sensitive to this assumption.

We did the same in reverse and
showed that GCTA performs badly
under the LDAK model (right).

So the models are very different,
which one better reflects reality? We
need to check against real data.

First, let’s review the intuition un-
derlying LD weights.



Intuition motivating the LDAK model

1 Two SNPs in high LD may be tagging the same underlying causal variant,

so giving both the same prior in the genome-wide penalised regression (1)* risks
double-counting a causal signal.

2 The greater the LD among a set of SNPs, the less their total genetic variation;

less genetic variation means less opportunity for biological function,
so on average less heritability.



Which model is more realistic?

To assess this, we divided the genome into high-LD and low-LD tranches in two different ways.

1 Equal numbers of SNPs:
the GCTA model predicts that the high- and low-LD intervals should carry the same h2SNP
whereas LDAK predicts about 3:1 in favour of low-LD regions.

2 Equal genetic variation (assessed using LD score):
the LDAK model predicts that the high- and low-LD intervals should carry the same h2SNP

whereas GCTA predicts that h2SNP will be in proportion to number of SNPs, on average
about 3:1 in favour of high-SNP regions.

We checked data on binary and quantitative human traits to see which predictions work best.
A lot of data . . .



Estimates of h2
SNP (SD)

Collection Trait (Disease Prevalence, %) n m
PPPm

j=1 wj h2
GWAS Previous LDAK

Welcome Trust
Case Control
Consortium 1
(WTCCC 1)

Bipolar Disorder (0.5) 1 840 + 2 913 3 729 K 79 K 0.02 0.24 (0.04)7 0.35 (0.03)

Coronary Artery Disease (6) 1 907 + 2 918 3 739 K 80 K 0.03 0.25 (0.06)7 0.40 (0.06)

Crohn’s Disease (0.5) 1 691 + 2 905 3 724 K 79 K 0.21 0.26 (0.01)20 0.32 (0.03)

Hypertension (5) 1 918 + 2 916 3 740 K 80 K <0.01 0.33 (0.06)7 0.46 (0.06)

Rheumatoid Arthritis (0.5) 1 846 + 2 918 3 736 K 80 K 0.19 0.09 (0.03)7 0.21 (0.03)

Type 1 Diabetes (0.5) 1 941 + 2 907 3 732 K 80 K 0.27 0.13 (0.03)7 0.30 (0.02)

Type 2 Diabetes (8) 1 896 + 2 917 3 736 K 80 K 0.08 0.42 (0.07)7 0.54 (0.07)

Welcome Trust
Case Control
Consortium 2
(WTCCC 2)

Barrett’s Oesophagus (1.6) 1 861 + 5 138 4 831 K 116 K <0.01 0.25 (0.05)21 0.32 (0.04)

Ischaemic Stroke (2) 3 769 + 5 139 4 797 K 115 K <0.01 0.25 (0.03)22 0.34 (0.03)

Parkinson’s Disease (0.2) 1 687 + 5 136 4 820 K 116 K 0.03 0.27 (0.05)23 0.20 (0.03)

Psoriasis (0.5) 2 267 + 5 143 4 815 K 116 K 0.21 0.35 (0.06)24 0.34 (0.02)

Schizophrenia (1) 2 068 + 2 615 3 481 K 111 K 0.07 0.23 (0.01)25 0.30 (0.04)

Ulcerative Colitis (0.2) 2 614 + 5 327 4 062 K 115 K 0.12 0.19 (0.01)20 0.28 (0.02)

Celiac Disease (1) 2 492 + 7 376 3 682 K 88 K 0.29 0.33 (0.04)26 0.37 (0.02)

WTCCC 2 + Multiple Sclerosis (0.1) 8 553 + 5 667 4 702 K 113 K 0.17 0.17 (0.01)7 0.24 (0.01)

Partial Epilepsy (0.3) 1 217 + 5 152 3 399 K 108 K <0.01 0.33 (0.05)3 0.27 (0.04)

RPTB Pulmonary Tuberculosis (4) 5 142 + 5 283 3 987 K 102 K <0.01 None Found 0.26 (0.03)

Blue Mountain Intraocular Pressure 2 235 4 149 K 125 K 0.02 None Found 0.38 (0.17)

CHOP Wide-Range Achievement Test 3 747 3 593 K 88 K <0.01 0.43 (0.10)27 0.21 (0.09)

UCLEB 23 Quantitative Traits 6 458 to 11 005 353 K 39 K - - - Supplementary Table 1

Table 1: Properties of datasets and estimates of h2
SNP. n = sample size (cases + controls), m = number of SNPs,

Pm
j=1 wj = sum of

SNP weights which can be interpreted as an effective number of independent SNPs. All values are post quality control; values for m andP
wj are rounded to the nearest K (thousand). For UCLEB, m and

P
wj refer to our main analysis, which considers only high-quality,

common SNPs. The final column provides our best estimates of h2
SNP from common SNPs, computed using LDAK with ↵ = �0.25

(see main text for explanation of the scaling parameter ↵). For comparison, we include previously published estimates of h2
SNP (note that

the analyses for rheumatoid arthritis, type 1 diabetes and multiple sclerosis excluded major histocompatibility SNPs, which we estimate
contribute 0.07, 0.16 and 0.05, respectively), as well as h2

GWAS, the proportion of phenotypic variance explained by SNPs reported as
GWAS significant (P < 5⇥ 10�8). For disease traits, estimates of h2

SNP and h2
GWAS have been converted to the liability scale assuming

the stated prevalence.

4

m = # SNPs

∑
w = sum of

LDAK weights
≈ effective #
SNPs



Results from GCTA analyses support LDAK predictions
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Does it
make a
difference?
Yes
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Recap of LD issue

GCTA model assumes a priori that βj ∼ N(0, σ2g/m) for every SNP.

We’ve shown that a modified model in which βj ∼ N(0,wjσ
2
g/W ) fits empirical human

data much better, where W =
∑

j wj and:

wj is a weight that reflects local levels of LD;
wj tends to be low if the jth SNP is in high LD with nearby SNPs.

In addition to the LD issue, we saw earlier that the allelic-correlation kinship matrix is also
suboptimal because the α = −1 scaling of genotypes does not adequately model the MAF –
effect size relationship for real traits.

Above analyses use REML for binary traits, but we now recommend using LDAK weights in
HE regression. This leads to a further ≈ 5% increase in h2SNP estimates for the binary traits in
our REML-based analyses.
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We’ve covered effects of LD and MAF on SNP h2. Anything else?

Genotype certainty is another major factor. We consider:

poorly-genotyped or poorly-imputed common SNPs;

all low-MAF SNPs (MAF < 0.01).

Intuitively, the lower the genotype certainty the lower our prior expected heritability.

Previous analyses have not taken this into account.

It’s common to impose strict QC, but at a high cost in terms of missing true h2.

We propose a measure rj of genotype certainty at the jth SNP. Our final heritability model has
genotypes scaled with α = −0.25 and

βj ∼ N(0, rjwjσ
2
g/W ).

Previous analyses have assumed rj = wj = 1 and α = −1.

Need to test for correlation between genotyping errors and phenotype before including
low-certainty SNPs (rj << 1).



0.
0

0.
1

0.
2

0.
3

0.
4

A
ve

ra
ge

 E
st

im
at

e 
of

 h
S

N
P

2

High−Quality All Common All SNPs All SNPs
Common SNPs SNPs No Partitioning 5 Tranches

Scaling Parameter α

−1.25
−0.75

                −0.25 (Advised)
  0

−1
−0.5

 0.25

Rare Variation

a
350K SNPs 9M SNPs 17M SNPs

UCLEB data
(23 quantitative
traits)

“5 Tranches”
refers to
partitioning by
MAF, which we
advocate for
low-MAF SNPs.

Hatched areas
show contribution
of SNPs with
MAF<0.01.



0.
0

0.
2

0.
4

0.
6

0.
8

E
st

im
at

e 
of

 h
S

N
P

2

High−Quality Common
All Common SNPs
All SNPs

Body Mass QT
Index Interval

Heightb

Orange lines indicate
95% confidence intervals
for previous estimates of
h2SNP.

For the purple bars only
(all SNPs) the SNPs are
partitioned by MAF.



Prediction of phenotype from genome-wide SNPs

The new ideas about heritability are having an impact on prediction of traits.

BLUP can be thought of as a shrinkage regression technique based on (1)*: it applies iid
shrinkage to every SNP.

MultiBLUP (Speed & Balding, Genome Res, Dec 2014) extends BLUP by allowing
reduced shrinkage in promising genomic regions.

The regions can be pre-specified or chosen adaptively by MultiBLUP.

Mixed model formulation: Y = γ1 + γ2 + γ3 + . . .+ ε where Var[γk ] = σ2kKk with Kk

computed from SNPs in kth region.

MultiBLUP is incorporated in the LDAK software.



Adaptive MultiBLUP O↵ers Flexible Shrinkage

Genetic Profile
Risk Scores

BLUP

Adaptive
MultiBLUP

Nobel Prize Speech 20th May 2015 doug.speed@ucl.ac.uk

(no shrinkage)

(uniform shrinkage)

(flexible shrinkage,
here 3 regions)
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Genome partitioning example: DNaseI hypersensitivity sites (DHS):

Gusev et al. (2014) used SNP partitioning to assess the contributions of SNPs classed by
functional annotations.

Across 11 diseases they reported that 79% of h2SNP was explained by DHS, which include
< 20% of all SNPs;

a striking 4-fold enrichment;
DHS account for almost all non-genic h2SNP.

We perform a similar analysis using the 10 traits we have in common with their study (for
9 of these, using the same data) and using their definitions of DHS.

Under the GCTA Model, DHS contribute 86% (SD 4) of h2SNP.

Under the LDAK Model, DHS contribute 25% (SD 2) of h2SNP.

LDAK predicts 18% DHS contribution ⇒ 1.4-fold enrichment.
We estimate that genic SNPs contribute 29% (SD 2), representing 1.6-fold enrichment,
respectively.
Over 42 traits, DHS contribute 24% (SD 2) of h2SNP.
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h2 intensity over genomic regions

For larger genomic regions we need to compare the heritability with that expected given the
region size.

“Intensity of heritability” is the heritability per unit genetic variance of the region.

Apply to exons (coding regions of genes) and flanking DNA:



Intensity and total heritability for functional classes (S Su, MSc thesis)
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Figure 6.2: (a) Heritability estimates of functional groups. Most of the heritability is explained by the intragenic region which is
the largest region in this partitioning. (b) Intensities of functional groups. A horizontal banding pattern shows that for promoters,
introns and intragenic regions the eQTLs tend to contribute relatively more heritability than non-eqtl SNPs in the same region. For
coding and UTR regions the pattern is more distinct for each disease. Intensity values have been divided by the maxima within
each disease to distinguish patterns across functional regions rather than diseases.
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h2 of SNPs associated with another trait

Concordance Between Traits

Are SNPs associated with one trait more important for others.

  

p-values for Schizophrenia and Crohn’s obtained from independent studies.

Nobel Prize Speech 20th May 2015 doug.speed@ucl.ac.uk



Analyses using summary statistics

LD SCore regression (LDSC, Bulik-Sullivan et al. (2014) Nat. Genet. 47, 291-5) uses only
GWAS summary statistics rather than individual genotype data: this is a huge advantage for
data access. Let Sj denote an association test statistic at SNP j with a χ2

1 null distribution.
LDSC assumes that under a polygenic model

E[Sj ] = 1 + n(a + ljh
2
SNP/m), (4)

n = sample size and m = # SNPs,

a corresponds to confounding effects (e.g. due to relatedness/pop structure),

lj =
∑

k r
2
jk = LD Score of SNP j ; sum is over SNPs in a neighbourhood of j.

Intuition: greater lj ⇒ greater heritability tagged by SNP j .

Eq (4) allows estimation of a and h2SNP/m via linear regression methods.

Initially the focus was on â, improving over genomic control by recognising the highly
polygenic nature of many complex traits.

Recently, more interest in ĥ2snp (+ genetic correlation estimated in a related way).



LDAK summary-statistic model

LDSC has been very widely used: > 170 citations in 2 years since publication. But

Our results cast doubt on the key assumption underpinning LDSC.

There is less heritability per SNP in regions of high LD, so the relationship between lj and
the heritability tagged by SNP j is not linear.

(4) implies an expected heritability per SNP of h2SNP/m; our results presented above
suggest it should vary with LD, MAF and genotype certainty.

For an improved approach to estimating h2SNP, rewrite eq (4) in the form

E[Sj ] = 1 + na + n
h2SNP
m

∑

k

r2jk .

We propose a SNP-specific expected heritability qjh
2
SNP/Q, where Q =

∑
j qj and qj

incorporates adjustments for LD, MAF and genotype certainty and possibly other factors. Then

E[Sj ] = 1 + na + n
h2SNP
Q

∑

k

qk r
2
jk . (5)
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(with and without strat-
ification) with our new
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model, but LDSC is very
poor under the LDAK
model.
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To compare SumHer and LDSC on
real data, for a large collection of
GWAS datasets we divided small
genomic regions into high-LD and
low-LD tranches, and compared the
estimated contribution to h2SNP from
each tranche with expectations under
the GCTA and LDAK models.

SumHer estimates are close to LDAK
predictions, but LDSC values are
intermediate between the predictions
of the two models.



h2 enrichment over functional classes: Finucane et al. (2015)
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a n a ly s i s

top log10 (P value) based on results for the real data sets analyzed 
below (Online Methods). In the simulations in which at least one cell 
type group reached significance, we found that the top cell type group 
was the cell type group simulated to be causal 99% of the time (Fig. 3). 
Next, we simulated weaker enrichment, calibrated so that only 50% of 
replicates included a significant cell type group. In these simulations, 
the cell type group simulated to be causal was the top cell type group in 
95% of simulations with at least one significant cell type group, and a 
cell type group with r2 >0.5 with the causal group was the top cell type 
group in half of the remaining simulations with at least one significant 
cell type group (Fig. 3). Results separated by the ten individual cell 
type groups are displayed in Supplementary Figure 5.

We next repeated these simulations with a cell type–specific  
mark—H3K4me3 in fetal brain cells—instead of a cell type group as 
the simulated causal category. There are many more pairs of cell types 
that are highly correlated than there are highly correlated pairs of  
cell type groups, and we are testing all cell types every time 
(Supplementary Fig. 6). We found that, when the level of enrich-
ment was calibrated to give a realistic log10 (P value) (based on  

results for the real data sets analyzed below; Online Methods), the 
simulated causal cell type was the most significant cell type in 78% of 
simulations, a cell type with r2 > 0.5 with the causal cell type was most 
significant in 20% of simulations and there was no significant cell type 
in 2% of simulations. In simulations with weak enrichment—again 
calibrating so that 50% of simulations had at least one significant cell 
type—we found that, of the simulations with at least one significant 
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F gure 4 Enrichment estimates for the 24 main annotations, averaged over nine independent traits. Annotations are ordered by size. Error bars 
represent jackknife standard errors around the estimates of enrichment, and an asterisk indicates significance at P < 0.05 after Bonferroni correction 
for the 24 hypotheses tested. Negative point estimates, significance testing and the choice of nine independent traits are discussed in the Online 
Methods and supp eme t r  note. TFBS, transcription factor binding site. DGF, digital genomic footprint.
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Summary

Problems have arisen because the mixed model (3) that worked well for pedigree-based
kinships was assumed to apply for SNP-based kinships

it can, but we need to find the best SNP-based proxy for phenotypic correlations;

allelic correlations are often assumed unquestioningly, due to analogy with IBD kinships,
but are not optimal.

In fact, the mixed model (3) is no longer needed (but can be computationally convenient)

can now use a genome-wide penalised regression, which does not use any kinships.

Previous estimates of h2SNP based on allelic correlation (GRM) need re-evaluation because
they were based on (1)* which applies iid shrinkage to the SNP effect sizes.

Many related analyses, e.g. genetic correlations and LD Score regression, are also called
into question by our results.

See: Speed D, Cai N, The UCLEB Consortium, Johnson M, Nejentsev S, Balding D (2017)
Re-evaluation of SNP heritability in complex human traits, Nat Genet 49(7): 986-92, doi:
10.1038/ng.3865
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